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Subdivision Curve and Surface Theory

Kenjiro T. Miura

Subdivision surfaces are powerful tools for graphical modeling and animation because of their scalability, numerical
stability, simplicity in coding and, especially, their ability to represent complex shape of arbitrary topology. In this article,
the subdivision process of B-spline curve is analyzed in detail and the subdivision surafces, especially Catmull-Clark and
Doo-Sabin surfaces, which are extensions of tensor product B-spline surfaces, are discussed.
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BT, AR O 720 OFE P EEMICLETH D
ZLERFQHET AT RLDEENEG THDL I L, BEXR
Ay allHERRERTETCHDI AT — T TNV E %
FEoZ &, S HITITEHE AR E A PO A A RBLTEX S 2
EMBTPRET Y > VORI IMER L 72> TS, ZOfEHT
(T E R - i o JEREERR, 52 CAD/CAM 43 BFizk
THEHE L 72 5T 5 B-spline HifR - i & Moo Hldhg - did
L OBMREH BT .

LUF T, i nMEMEIC 72 2 0 2 B <o, dhifro b a0
i DOEE R A B EE T, iR ERICE VW LT B LR
EL, HEOGE b ERDEN Y 2RO C T D SRET
5. MM AR, D WITRAR A FFOHE Th o TH M E
HLRI % U RTINS S I AU R R Aedgam 03 B YV 2o, il %
I, i85 % P9ff$ 5 (end-point interpolating) B-spline it o>t
RERACOMBEHANEED D Z L HARETH D.

2. Chaikin ®7)L31) XLy

MOBEIDOFEARN 25 2 H1, RoHEIBI% (piecewise linear
function) f°(z) %V & L EIRAICKH AL (refinement) 3%
LR, L0 EMES N BROB f (), f2(2), - %
AL, ZOWRE LTHMORBE f(x) Z2EHT 5:

§@) = lim @)
1974 4&, Chaikin® |2 & ¥ #5 TR BIFERREI N,

1127779 & 512 Chaikin ® 7 /v Y XA ATV IR LAY
SrDa—FEHy hFBHZ LK VB LR E AT
%. 1 BOMSENT LV RY T DELD (1/4,3/4) OB
BB E BT 5. B0 OEE p), plhy ETHEH L2
DDOTERIE,

1
P2 = 0p+pl), M
1
P;i+1 = Z(P?+3P?+1)~ 2)

Chaikin ® 7 /L = U X A TIMAIE 2 S BIfR O ERIETH
O, AEREND TR Y T OEEEHIEA S T 2 %

*JEfEsefs CER 15 4E 1 A 31 H
R & B G R IERATTRE 3-5-1)
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Fig. 1 Chaikin ®7 /L= U XA

KRS, EET 5 3 SORIEAE p)_y, pY, pdyy & L,

1

Py = §<p?71+6p?+p?+1> 3)
1

p%i-‘—l = §(p?+p(i)+1) 4)

ORGEFBN A4 0 3B LA 95 & 3 ¥k B-spline HI#RIZIHRY
%. 3 (4) (LB L | TE % AR % 00 T4y (splitting)
LRI, K (3) IFTEAEIE 2 2 11 TR LT 52 O TF
¥t (averaging) & FEIEAL 5. Chaikin 7 /v Y XADK (1),
2) 1%, B A2 DET 5O TIERLTEAZDE LTV D (vertex
splitting) & & 525 T &N TED.

LT, EfEoRcE %% 1/4(3,1), 1/4(1,3), H D0
1/8(1,6,1), 1/2(1,1) {5V \C B-spline Bt ©3% & O EIHR
BERTD.

3. B-spline DEE

B-spline ZiE3%7 5 HiE L LTIE, Wik k2 5L 9 72y
xR FBENREZONDN, Z 2 THEBE ' Ofimic L
Mo TARRDHME Y 3K L (repeated convolution) 12 LV EFHE L, 72
W ENZ L D B-spline BIARAER I N DN EH LT 5.
F7, B bl B e KAy E B (piecewise constant function)
BAEIZOWTIRAR 2 ALE O R EH BRI,

a(t) = > @:By(t)
EREND. ZIT, Bo(t) TR TER SN 55 (box
function, [X 2(a) ZH):

Bo(t) = 1 ifo<t<1
o= 0 otherwise
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TEFET S L, k¥ n @ B-spline ZEEBKIT n — 1 RO
L Bo(t) LOBRICEVHFELND. FlAIX, k¥ 1 o B-spline
I Bo(t) £ ZNEHOARIC L ERENS:

- /Bg(s)Bg(t— s)ds.

BA%L By (t) 1ZX 2(b) (2R T #20E 1 BA%L (linear hat function)
LD,

v

>
T i ‘ T T
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() #B9% Bo(t) (b) 1EFBE%% By (t)

Fig. 2 P4 L 08 7B%%

R¥x 2 @ B-spline 1L Bi(t) & Bo(t) &R L,

/Bl Bot—S

LLTEETE 2. 2088, R LTHELADIKRITEN
AR (0,1) & (1,2), (2,3) TEREIND 32D 2RES
AV BRI ND. —RIC I RIEKRT S Z &Ik v k¥l
@ B-spline:

= /Bl_l(s)Bo(t — s)ds

DELND.
3.1 B-spline DFEBILATEENE

B-spline & #iEl & ORRREZRT HERICEE & 725 DI, B-
spline 23FERE{L 72 (refinement equation) 7= 2 & Th
5. ¥5 1 @ B-spline (Zx19 5 Rk =%

H i+
Bi(t) 2lz<z Bi(2t — k) 5)

ThbH. EROEBRITKREL | © B-spline I3 k IC X p2ZNBEH
D8 (translate) & 2t (2 L 5 #i5E (dilate) OFRAEEIZL Y
KIhsZeThs. EXoflE LT, K 2b) TR LIZIETE
BIZONWTHEZ D, MRS iz 3 >oiET-B%% (1/2,1,1/2)
DEA2Z AT THRENCHE ST 5 2 L2 X 0 el B &
LD,

LT TR F RN R Y Lo & 2T 5. kI 0 D
B-spline (X2 HH OBHE & fiRIZ LD

Bo(t) = Bo(2t) + Bo(2t — 1)
LEI B, RIS, k3 | @ B-spline I3,

! !
1(t) = Q) Bo(t) = (Q(Bo(2t) + Bo(2t — 1))

=0

LEXEED. m(t) =
LT oW % :

f) @ g(t) ThDEx, —fRAICARK

B f() ®

Rl 7 R fE—i)@gt—k) = mE—i—k),
B — ) 7 F(26) @ g(26) = %m(2t).

Bl %1%, B1(t) DHA,

Bi(t) = Bo(t)® Bo(t)
- (Bo(2t) + Bo(2t — 1)) ® (Bo(2t) + Bo(2t — 1))
= YBi2t)+2Bi (2t — 1) + By (2t — 2)

2
1 [ 2
= 5Z(k>31(2t—/~c).

k=0
ZhE—BLT AIciE, ZHER:
+1
(u+v)tt = Z h 1) ul kb
o\ K

IZu & LT Bo(2t) WAL, v & LT Bo(2t — 1) AT
iE kv LLEO#FER D O KL H R 5) B—owE L ©
B-spline IC DWW T Y VDT L ¥ bo T,

32 RIS4 UHEROBEEIL
AT T4 iR,

)= |y
2(t)

ET 5. ZZTHHROREIT I THhY ZoRIEHNE
(xi,yi,zi)T =pi € R,3 LT 5.
ST, Eim A ST D7 OIS RIS R < SRS 720
BEBR, B ONIZMBORBRONT FrE p LT 5:

= sz‘Bzi(t)

p=[-p2 p1 po p p2---]’.
iz, B¥% BY(t) oB@ & FEo~s ML BY(t) 252 %:
B'(t)=[--B'(t+2) B'(t+1) B'(t)
B'(t—1) B'(t-2)---].
IRBORY Mz AWTH#iRE B (t)p TET. FSboR
FRERWT BY(t) 22O/
B'(2t)=[-- B B'(2t+1) B'(2t)

B'(2t—1) B'(2t—2)---]

(2t + 2)

WCEOBXMZ A ZLE2EZD. TO-DITH) S #EAL,
B'(t) = B'(2t)S'

L& LS ORI (5) &b,

1 (1+1
Séi+k,i:5§c 21( k >

FHND 0 TRV IR RRXOERTH Y, BERILO 2
OB E RS &, EOFIOR & 24T T Tefiisr 24 D5

(gt) +h(t) = f(O)@g(t)+ f(t) @h(t),
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L.
ZOEREY,

C(t) = B'(t)p = B'(2t)S'p.

BB ORI RE TH 52, TORIE B'(t) #H (support) O
REEPEFITRSTH LWEE B'(2t) TEBEHBAT-OT,
AR O T ORI p 13 LWHIES S'p IKEEShD. 20
ALER 243 0 3R LT 213,

o) = B'(p'

— B'(2t)p’ = B'(21)(S")'p".
L7=23» T, B2 5 M5E L~ Lol S o BFRIE,
ptl = §lpi

L%, ZOBMRRE 2 ORIESIZONWTEZET L 2RO
BAER (1), Q) ixE L, 3 ROBFAITK (3), (4) IZxhisT 5.

Fix, FRROBEbo FIEIT#ERE TS/ v MEICHZIC /v
NEATHZ L L EMRLIE L 72> T D, TOEBRT B-
spline O#43ENL / »~ k@ 2 BEAL (knot doubling) Z &V K L
ETTHIELEEVHZ LI ENTED.
33 HESBIEROME

oY EIHRROME, B % 130 E & MERRE: 0 3K U 7-BR s o
frfERe O, C? L\ o =i OERMEIITH SLIck vV EE S,
Z07-8 ST ENTHI & WS . T 2 TiE 3 IR B-spline #f
Ay EIHFROREIR S DR EIEIC OV TR S, K (7) L0, 5y E]
EE j OEGET S 3 SORIEE pl = (07, p), pl) 13, ME
BE j—1 0T 2 3508l pl = = el
L BT EITTS L % AV,

p)=Lp)"

LRED. 2T,

1
L=-
8

= RSN
NGNS
N

T D, LisoT, MEIREMSE L #igoRES po =
(po_ohpgo’p(l)o) lj:,

Py = lim (L)pg

L%, ATHIOBIRE O R RITEGHECEA NS PV L
BICHFELTEY, L OBEZOEAMEIT (A, A2, A3)
(1,1/2,1/4), bz ST 26@A X7 g, v1 =
(1,1,1)7, v = (=1,0, )T, v3 = (2,-1,2)T THH. M1 =1
ThHY, MOBEEMER 1 LIV Ehb,

lim (L)’ py

j—o0

Py =
= lim (L)’ (a1v1 + asv2 + azvs)
j—00

= _lim (a1 (Al)jvl + ao ()\z)j’vz + as (Ag)jvs)

J—0o0

= ai1vy.

L7235 C, v OFROMER | Thd 2 &h b, ML pg 13
a1 ELTHEZLND. a1 ITRROBEFMICHIET 2 ELEEE
R MM EE SR, LIS LT wy = 1/6(1,4,1) &
LTEHEx 6N,

ulpg
P21+ 4p0 + p?
6

AHI T B #R 15 U C G BT 21T > 7223, Mo &l
I X L Ch LK T 51758 (i El~ 2 7)) M FELZE
OWEEZRELTND.

A0y B AR T 2k B B A EARAT ORI >V T, Bl
ZITBETHE Y 2RI,

4. Mo EIhE

Chaikin ® 7 /L= ) X A E Catmull & Clark <> Doo & Sabin
WZHh T A AR 2 72 DI R 2 WD Z &2 Bnont.
A ENC K 5 ihid DA RS BT C & D DITEE OALAE % FF
OO HIE AR TEDLRICH S,

AR BRI AR U 220 IR UL L CAR S
0 ERU LS, MBI L, G (B 500, HiE
Ay a)y MY 2RI L, KO MINRA v anbkd MY,
M?, . ZMERAR L, % OMIRihE:

3
<8
Il

o= lim M’
J—0o0

ELTERIND. HFROMAFIOERLFIED X 52, dhim o
M5 &S 43 E] (splitting) & F¥IE (averaging) DAFN LS.
i DBE b AEIEIC 2 SDDOR D FE: waHET 5 face
scheme &, THS % 73%19 % vertex scheme 3% 5. X 3 (TR
3 Catmull & Clark (2 X 0 BA%E 7=y &l  (Xm % 2
E|9~% face scheme @ 1 DOFETH Y, 72 Y VFEN 3 K
B-spline i DILIRIZ 72 > TS, Doo & Sabin 0453 E| i
(= 4 B) 1 vertex scheme @ 1| SOFETHY, T VL
FEM 2 Ik B-spline i DILIRIZZ2 > TV 5.

Z T T, face scheme O FEA 7241 T 5 Catmull-Clark ph
HIZDOWTHEY EiF 5. face scheme (13 EZ X 0 Hi7- 12 4E



MENDR) TUR=ZAFRTHIHE ENATETHDILEAIC
SEEND. WARIZZENCE ENDTERNE—FE Ecdh D
WXV, ) 3R LT & 912, Catmull-Clark Bl Cld#7-
WCARENDRY ST ATRTH H.
4.1 Catmull-Clark B
Catmull Clark #him OMOFHHNILL TO L S Ik En s
. n ATEOHE DM FIHLNT

1 AWt U, f & T 59T X COEADOYEE % Z O
FE &4 58 LUWE A (face point) & AT 5.

2. BFEMITKE LC, MR ON S DOTE R & 2 OO o
B LWE RO % Z OFEEE T 28 LOER A (edge
point) ZART 5.

3. TH A (vertex point) DJEIEZ LT ORIZ X 0 HH ¥ 5:

2R  S(n-—3
% + T + %
Z I T, QIXZEDOTERICHIET 5T X COH LWVE A DFET
E!b D, RI ;t%a)TEﬁ 75:;%,.\ & L TROHWEERR O TR O,
S IZTHEDTLOIEETH 5.

Catmull-Clark #hifi & M 3 ¥k B-spline #fimi O BIFR 2 8 & 02

THEDI, TOAE N =4 DBREOFIELEET S, W3 K

B-spline Fﬁlﬁ@?ﬁlﬁﬁﬂm Eply(i,j=-,-1,01,---) &5
L, BLWEA p2i+1,2j+1 I,

1
p%i+1,2j+1 = Z(p?’j +p?+1,j +Pg,j+1 +p?+1,j+1)

L 1o

WCEVHESH, RO 2 20D/ F A —% 4, v DI
W2 (@) ZNEVGEA L2 2 LATxin T 5. B LB poit1,2;
I,

péi+1,2j = (P?j +P?+1,j)

|~

(p?,j—l + Pit1,5-1 +p?,j+1 +P?+1,j+1)

—_

o= 4+ oolw
N = o

1
( (p?,j—l +p?+1,j—1) + 65(1’?4 +p?+1,j)

1
+§ (p?,j+1 + P?+1,j+1))

&§+§éﬂé. i u FECR (4) %, v FIECE (3) ZE A
L7=Z Lixhicd 5. BBk & 25 5 TEEUD%'T?”:@W*E%I:J
HRFIETHETELZ L %ﬁﬁwéntu\ INETOHR
Catmull-Clark fh i > #1# 2 y‘/:ﬂjfé"\fﬂlﬁﬁbffﬁﬁﬂﬂﬁ Z
FLfE S ATV 5358 12IEM 3 ¥k B-spline Bl —H9 2 2 &
Nhnb.
4.2 WHEHEOSE

ZHVETHBA L7z X 5 iz, Catmull-Clark #i@ <> Doo-Sabin
TR %%Ebfffﬁéhtn‘lﬂ“ﬁﬂﬂﬁf‘&é Z &%, B-
spline i DYLHR L 7 > TND T EMB LS HBNTVD D,
Zh o OE LM bk~ el B2 2 E TICIRES
ﬂﬂ\

/\Ellﬁ?hﬁ IZLLF D 4 SO FHeD

% 17):

DT HIENTE

1. K8k DR (face scheme, & %\ X vertex scheme),
2AERREND Ay v a DB (ZA, HDHWIZNAT),
3.3, & D VXN,

4. HBRIEG A v > = ORERR AT @R (CF, 5T C? %),

1,1 1
2(2 ig + 2Pz+1 i)+ g(gpg,jﬂ + §p?+1,j+1)

face scheme (ZJ& T+ % i & LT, I TH S Loop” (C?,
=4¥%), Catmull-Clark(C?, U1 £4¥), P T % Modified
Butterfly”(C"', =#47%), Kobbelt”(C", MU f4iF) 23{R#&H TH
%. vertex scheme |ZJ& 3 2 i & LT, irfl Td 5 Doo-Sabin
< Midedge'" (& &1z CY), Biquartic'?(C?) 3% %. 260D
SSEHREIC ) EHEA LW V3 M EIHE Y 04—k Ay
T aDOMNEN Y Lo B alE b ERSNTWD.
7o, M EIdh i 12 knot DF X ZE A L NURBS Z Lk S w7z
NURSS(Non-Uniform Recursive Subdivision Surface)'® & 2%
STV 5. Catmull-Clark #hiifi & Doo-Sabin Hif & O BIFRIZ
ZEXW 'O #BRLTOERETEENTH S,

5. 8 H Y I

Z OfFF TIXER I B-spline & A4y EIdiHR - dhimm & o BIfR
EIRARDHITE EF oz My EIdh S R A R
L LTHD, Bl 2 IXZ EMBEMRITCELE S ) v NiEE LB
REER DD, BRO b 5 HE IS E IS T - B 141,
& 5T SIGGRAPH o —2 / — |+ 1D Sl S -,

Z £ X #

1) E. Catmull, and J. Clark, “Recursively Generated B-spline Surfaces
on Arbitrary Topological Meshes,” Computer-aided Design, Vol.10,
No.6, pp.350-355, 1978.

2) G. Chaikin, “An Algorithm for High-Speed Curve Generation,”
Computer Graphics and Image Processing, No.3, pp.346-349, 1974.

3) T.DeRose, M. Kass, and T. Truong, “Subdivision Surfaces in Char-
acter Animation,” Computer Graphics (Proc. of SSIGGRAPH ’98),
Vol. 32, pp.85-94, July, 1998.

4) D. Doo, and M. Sabin, “Behaviour of Recursive Division Faces
Near Extraordinary Points,” Computer-aided Design, Vol.10, No.6,
pp.356-360, 1978.

5) N. Dyn, J.A. Gregory and D. Levin, “A Four-Point Interpolatory
Subdivision Scheme for Curve Design,” Computer Aided Geometric
Design, Vol .4, pp.257-268, 1987.

6) G. Farin, Curves and Surfaces for Computer-Aided Geometric De-
sign, 5th Ed., Academic Press, 2002.

7) L. Kobbelt, “Interpolatory Subdivision on Open Quadrilateral Nets
with Arbitrary Topology,” In Proceedings of Eurographics 96, Com-
puter Graphics Forum, pp.409-420, 1996.

8) L. Kobbelt, “\/5 Subdivision,” Computer Graphics Processings,
Annual Conference Series, pp.103-112, 2000.

9) C. Loop, “Smooth Subdivision Surfaces Based on Triangles,” Mas-
ter’s thesis, University of Utah, Department of Mathematics, 1987.

10) K.T. Miura, F. Cheng and L. Wang, “Fine Tuning: Curve and Sur-
face Deformation by Scaling Derivatives,” Proc. Pacific Graphics
2001, pp.150-159, 2001.

11) J. Peters and U. Reif, “The Simplest Subdivision Scheme for
Smoothing Polyhedra,” ACM Trans. Gr., Vol.16, No.4, 1997.

12) R.Qu, Recursive Subdivision Algorithms for Curve and Surface De-
sign, PhD thesis, Brunel University, 1990.

13) T.W. Sederberg, J. Zheng, D. Sewell and M. Sabin, “Non-Uniform
Recursive Subdivision Surfaces,” Computer Graphics (Proc. of SIG-
GRAPH’98) Vol. 32, pp.387-394, July, 1998.

14) E.J. Stollnitz, T.D. Derose and D.H. Salesin, Wavelets for Computer
Graphics, Morgan Kaufmann, 1996.

15) J. Warren and H. Weimer, Subdivision Methods for Geometric De-
sign, Morgan Kaufmann, 2002.

16) L. Velho and J. Gomes, “Quasi 4-8 Subdivision Surfaces,” In XII
Brazilian Symposium on Computer Graphics and Image Processing,
1999.

17) D. Zorin and P. Schroder, Subdivision for Modeling and Animation,
ACM SIGGRAPH 2000, Course Note No.23, 2000.



4 €

(a) HIWIHIE A > > = MO (b) MY EIRS 1. M*

(c) MAYHITES 2: M2 (d) MR AR 0 = M

Fig. 3 Catmull-Clark #fl 51 i i

(a) WIHIHIGE A » > 20 MO (b) Moy EES 1 M1

(c) Moy EITES 2: M2 (d) MEFR A E: 0 = M

Fig. 4 Doo-Sabin iy h



